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Ââåäåíèå

Íàó÷íî-èññëåäîâàòåëüñêàÿ ðàáîòà ïîñâÿùåíà íàõîæäåíèþ ìíîæåñòâà äî-

ñòèæèìîñòè ðåøåíèé óðàâíåíèÿ Ë¼âíåðà äëÿ êðóãà.

Òåîðèÿ îïòèìàëüíîãî óïðàâëåíèÿ îõâàòûâàåò øèðîêèé êðóã çàäà÷, â êî-

òîðûõ ïðè îïðåäåëåííûõ îãðàíè÷åíèÿõ òðåáóåòñÿ ìèíèìèçèðîâàòü (ìàêñè-

ìèçèðîâàòü) çàäàííûé êðèòåðèé êà÷åñòâà.

Â çàäà÷àõ îïòèìàëüíîãî óïðàâëåíèÿ âàæíåéøóþ ðîëü èãðàåò ìíîæåñòâî

äîñòèæèìîñòè. Îíî õàðàêòåðèçóåò âñå âîçìîæíûå ïîëîæåíèÿ óïðàâëÿåìîé

ñèñòåìû â êàæäûé ìîìåíò âðåìåíè.

Àêòóàëüíîñòü òåìû èññëåäîâàíèÿ. Çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ

âñòðå÷àþòñÿ â ðàçëè÷íûõ îáëàñòÿõ íàóêè, òåõíèêè, ìåäèöèíû, ýêîíîìèêè, ê

ïðèìåðó: çàäà÷è ÿäåðíîé ýíåðãåòèêè (óïðàâëåíèå îõëàæäåíèåì ðåàêòîðà),

ðîáîòîòåõíèêè (äâèæåíèå ðîáîòîâ, óïðàâëåíèå âñåâîçìîæíûìè ñòàíêàìè è

àâòîìàòàìè), ìåõàíèêè ïîëåòà (ñàìîíàâîäÿùèåñÿ ðàêåòû, àâòîïèëîòû, àâòî-

ìàòè÷åñêàÿ ñòûêîâêà íà îðáèòå, óïðàâëåíèå ñàìîëåòîì), ýêîíîìèêè (çàäà÷è

äîëãîâðåìåííîãî ïëàíèðîâàíèÿ), ýêîëîãèè (ðàñ÷åò äîïóñòèìîãî âîçäåéñòâèÿ

íà ýêîñèñòåìó), áèîôèçèêè è ò.ä.

Öåëè è çàäà÷è èññëåäîâàíèÿ. Çàäà÷à - íàéòè ãðàíèöó ìíîæåñòâà, êî-

òîðîå ìîæåò áûòü çàïîëíåíî ðåøåíèÿìè óðàâíåíèé Ë¼âíåðà - îïòèìàëüíîå

óïðàâëåíèå. Ýòî îäíà èç çàäà÷ òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ.

Ñîäåðæàíèå ðàáîòû. Îñíîâíàÿ ÷àñòü ðàáîòû ñîñòîèò èç äâóõ ðàçäåëîâ.

Ïåðâûé ðàçäåë � "Òåîðåòè÷åñêàÿ ÷àñòü"� ñîñòîèò èç ïÿòè ïàãðàôîâ.

Çäåñü ôîðìóëèðóþòñÿ îïðåäåëåíèÿ êëàññîâ S, S(M), SR(M), äèôôåðåíöè-

àëüíîãî óðàâíåíèÿ Ë¼âíåðà, à òàêæå ðàññìàòðèâàþòñÿ ìåòîäû òåîðèè óïðàâ-

ëåíèÿ â ýêñòðåìàëüíûõ ïðîáëåìàõ êëàññà SM .

Âî âòîðîì ðàçäåëå � "Ïðàêòè÷åñêàÿ ÷àñòü"� ïðîèñõîäèò íåïîñðåäñòâåí-

íîå ðåøåíèå ïîñòàâëåííîé çàäà÷è ñ ïîìîùüþ ñðåäû Wolfram Mathematica

âåðñèè 13.0. Ïðîèñõîäèò ðåøåíèå ñèñòåìû èç ÷åòûðåõ äèôôåðåíöèàëüíûõ

óðàâíåíèé, ÷òî ïðèâîäèò ê íàõîæäåíèþ òî÷åê, ïî êîòîðûì ñòðîèòñÿ ãðàíèöà

èñêîìîãî ìíîæåñòâà äîñòèæèìîñòè.

Ìåòîäû èññëåäîâàíèÿ. Äëÿ âûïîëíåíèÿ ïîñòàâëåííîé çàäà÷è èñïîëü-

çóþòñÿ ìåòîäû òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ, â ÷àñòíîñòè � ïðèíöèï

ìàêñèìóìà Ïîíòðÿãèíà.
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Àïðîáàöèÿ ðàáîòû. 16.11.2021 íà íàó÷íîì ñåìèíàðå êàôåäðû ìàòåìà-

òè÷åñêîãî àíàëèçà ñäåëàí äîêëàä ïî ìàòåðèàëàì íàó÷íî-èññëåäîâàòåëüñêîé

ðàáîòû.
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Îñíîâíîå ñîäåðæàíèå ðàáîòû

Òåîðåòè÷åñêèå îñíîâûå òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ

Â ïåðâîì ðàçäåëå ïðèâåäåíû îñíîâíûå îïðåäåëåíèÿ, îòíîñÿùèåñÿ ê òåî-

ðèè îïòèìàëüíîãî óïðàâëåíèÿ.

Îïðåäåëåíèå 1. S - êëàññ ãîëîìîðôíûõ îäíîëèñòíûõ ôóíêöèé f â åäèíè÷-

íîì êðóãå E = {z : |z| < 1} òàêèõ, ÷òî

f(z) = z + a2z
2 + ..., z ∈ E (1)

Ðàññìîòðèì ðîëü ñâîéñòâà íåëèíåéíîé îäíîëèñòíîñòè â ðàçëè÷íûõ ïðî-

áëåìàõ êëàññà S.

Îïðåäåëåíèå 2. Ôóíêöèÿ

Kα(z) = z/(1− eiαz)2, α ∈ R

íàçûâàåòñÿ ôóíêöèåé Ê¼áå.

Ôóíêöèÿ Ê¼áå äàåò ýêñòðåìóìû äëÿ ìíîãèõ ýêñòðåìàëüíûõ çàäà÷ â S.

Îïðåäåëåíèå 3. S(M),M > 1 - êëàññ ôóíêöèé f ∈ S òàêèõ, ÷òî |f(z)| < M

â E.

Îïðåäåëåíèå 4. SR(M) - êëàññ ôóíêöèé f ∈ S(M) òàêèõ, ÷òî f(z) = f(z).

Îïðåäåëåíèå 5. Ôóíêöèÿ

M 2PM
α (z)

(M − PM
α (z))2

= Kα(z), z ∈ E,M > 1, P∞
α = Kα

èëè, ÷òî òî æå ñàìîå,

PM
α (z) =MK−1

α (1/MKα(z))

íàçûâàåòñÿ ôóíêöèåé Ïèêà.
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Îïðåäåëåíèå 6. Äàíî

dw

dt
= −we

iu + w

eiu − w
,w(z, 0) = z, z ∈ E, 0 ⩽ t ⩽ ∞, lim

t→∞
e′w(z, t) = f(z) (2)

2 - äèôôåðåíöèàëüíîå óðàâíåíèå Ë¼âíåðà.

Äèôôåðåíöèàëüíîå óðàâíåíèå

dw

dt
= −wp(w, t), p(0, t) = 1 (3)

íàçûâàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì Ë¼âíåðà-Êóôàðåâà è îíî îáîá-

ùàåò óðàâíåíèå 2.

Îïðåäåëåíèå 7. Ïóñòü w(z, t) - èíòåãðàë äèôôåðåíöèàëüíîãî óðàâíåíèÿ

Ë¼âíåðà 2. Ïóñòü etw(z, t) =
∞∑
n=1

an(t)z
n, a1(t) = 1. Çàäàäèì êâàäðàòè÷íóþ

ìàòðèöó A(t)

A(t) =


0 0 ... 0 0

a1(t) 0 ... 0 0

a2(t) a1(t) ... 0 0

... ... ... ... ...

an−1(t) an−2(t) ... a1(t) 0


Ïîäñòàâèâ w(z, t) â 3 è ïðèðàâíÿâ êîýôôèöèåíòû ïðè zk, 2 ⩽ k ⩽ n, ïîëó-

÷èì ñèñòåìó óðàâíåíèé ôàçîâîãî óïðàâëåíèÿ, êîòîðóþ ìîæíî ïåðåïèñàòü â

âåêòîðíîé ôîðìå ïî îòíîøåíèþ ê âåêòîðó a(t) = (a1(t), ..., an(t))
T :

da(t)

dt
= −2

n−1∑
s=1

e−s(t+in)As(t)a(t), a(0) = a0 = (1, 0, ..., 0)T . (4)

Îïðåäåëåíèå 8. Ãðàíè÷íàÿ ãèïåðïëîñêîñòü ∂V M
n ó V M

n ÿâëÿåòñÿ ãðàíèöåé

ìíîæåñòâà äîñòèæèìîñòè óïðàâëÿåìîé ñèñòåìû 4 íà îòðåçêå [0, logM ].

Ïîèñê ìíîæåñòâà äîñòèæèìîñòè ðåøåíèé óðàâíåíèÿ Ë¼âíåðà

Âî âòîðîì ðàçäåëå ïðîèñõîäèò íåïîñðåäñòâåííîå ðåøåíèå ïîñòàâëåííîé

çàäà÷è.
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Âñå âû÷èñëåíèÿ ïðîâîäÿòñÿ ñ èñïîëüçîâàåì ïðîãðàìì, íàïèñàííûõ â ñè-

ñòåìå Wolfram Mathematica 13.0.

Mathematica � ïðîïðèåòàðíàÿ ñèñòåìà êîìïüþòåðíîé àëãåáðû, øèðîêî

èñïîëüçóåìàÿ äëÿ íàó÷íûõ, èíæåíåðíûõ, ìàòåìàòè÷åñêèõ ðàñ÷¼òîâ. Ñèñòåìà

îñíàùåíà êàê àíàëèòè÷åñêèìè âîçìîæíîñòÿìè, òàê è îáåñïå÷èâàåò ÷èñëåí-

íûå ðàñ÷¼òû; ðåçóëüòàòû âûâîäÿòñÿ êàê â àëôàâèòíî-öèôðîâîì âèäå, òàê è

â ôîðìå ãðàôèêîâ.

Âû÷èñëèòåëüíûå è àíàëèòè÷åñêèå ôóíêöèè îáåñïå÷èâàþòñÿ áýêåíäîì,

ê êîòîðîìó ìîãóò ïîäêëþ÷àòüñÿ ðàçëè÷íûå ïîëüçîâàòåëüñêèå èíòåðôåéñû.

Òðàäèöèîííûé èíòåðôåéñ, ïîñòàâëÿþùèéñÿ ñ ñèñòåìîé � âû÷èñëèòåëüíàÿ

çàïèñíàÿ êíèæêà (notebook interface).

Ñèñòåìà òàêæå îñóùåñòâëÿåò ÷èñëåííûå ðàñ÷¼òû: îïðåäåëÿåò çíà÷åíèÿ

ôóíêöèé (â òîì ÷èñëå ñïåöèàëüíûõ) ñ ïðîèçâîëüíîé òî÷íîñòüþ, îñóùåñòâ-

ëÿåò ïîëèíîìèàëüíóþ èíòåðïîëÿöèþ ôóíêöèè îò ïðîèçâîëüíîãî ÷èñëà àðãó-

ìåíòîâ ïî íàáîðó èçâåñòíûõ çíà÷åíèé, ðàññ÷èòûâàåò âåðîÿòíîñòè.

Òåîðåòèêî-÷èñëîâûå âîçìîæíîñòè � îïðåäåëåíèå ïðîñòîãî ÷èñëà ïî åãî

ïîðÿäêîâîìó íîìåðó, îïðåäåëåíèå êîëè÷åñòâà ïðîñòûõ ÷èñåë, íå ïðåâîñõîäÿ-

ùèõ äàííîå; äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå; ðàçëîæåíèå ÷èñëà íà ïðîñòûå

ìíîæèòåëè, íàõîæäåíèå ÍÎÄ è ÍÎÊ.

Òàêæå â ñèñòåìó çàëîæåíû ëèíåéíî-àëãåáðàè÷åñêèå âîçìîæíîñòè � ðàáî-

òà ñ ìàòðèöàìè (ñëîæåíèå, óìíîæåíèå, íàõîæäåíèå îáðàòíîé ìàòðèöû, óìíî-

æåíèå íà âåêòîð, âû÷èñëåíèå ýêñïîíåíòû, âçÿòèå îïðåäåëèòåëÿ), ïîèñê ñîá-

ñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ âåêòîðîâ.

Ñèñòåìà ðåçóëüòàòû ïðåäñòàâëÿåò êàê â àëôàâèòíî-öèôðîâîé ôîðìå, òàê

è â âèäå ãðàôèêîâ. Â ÷àñòíîñòè, ðåàëèçîâàíî ïîñòðîåíèå ãðàôèêîâ ôóíêöèé,

â òîì ÷èñëå ïàðàìåòðè÷åñêèõ êðèâûõ è ïîâåðõíîñòåé; ïîñòðîåíèå ãåîìåòðè-

÷åñêèõ ôèãóð (ëîìàíûõ, êðóãîâ, ïðÿìîóãîëüíèêîâ è äðóãèõ); ïîñòðîåíèå è

ìàíèïóëèðîâàíèå ãðàôàìè. Êðîìå òîãî, ðåàëèçîâàíî âîñïðîèçâåäåíèå çâóêà,

ãðàôèê êîòîðîãî çàäà¼òñÿ àíàëèòè÷åñêîé ôóíêöèåé èëè íàáîðîì òî÷åê.

Ñèñòåìà îáåñïå÷èâàåò àâòîìàòè÷åñêóþ ãåíåðàöèþ ïðîãðàììíîãî êîäà íà

ÿçûêå Ñè è åãî êîìïîíîâêó; ïðè ýòîì ñãåíåðèðîâàííûå ïðîãðàììû ìîãóò

áûòü èñïîëüçîâàíû àâòîíîìíî. Äëÿ ñîçäàíèÿ, îáðàáîòêè è îïòèìèçàöèè ñè-

êîäà ïîääåðæèâàåòñÿ èñïîëüçîâàíèå SymbolicC. Ïðîãðàììû ìîãóò èñïîëüçî-
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âàòü âíåøíèå äèíàìè÷åñêèå áèáëèîòåêè, â òîì ÷èñëå ïîääåðæèâàåòñÿ èíòå-

ãðàöèÿ ñ CUDA è OpenCL.

Ñîñòàâèì ñèñòåìó èç äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ò.í. ôàçîâóþ

ñèñòåìó). Ïðàâàÿ ÷àñòü ïåðâîãî óðàâíåíèÿ - âåùåñòâåííàÿ ÷àñòüW , ó âòîðîãî

- ìíèìàÿ. 
∂x1
∂t = Re∂w∂t =

x1(−2x2 sin(u(t))+x
2
1+x

2
2−1)+2x22 cos(u(t))

−2x1 cos(u(t))−2x2 sin(u(t))+x21+x
2
2+1

∂x2
∂t = Im∂w

∂t =
x2(−2x1 cos(u(t))+x

2
1+x

2
2−1)+2x21 sin(u(t))

−2x1 cos(u(t))−2x2 sin(u(t))+x21+x
2
2+1

(5)

Äëÿ ðåøåíèÿ ôàçîâîé ñèñòåìû ñîñòàâèì ôóíêöèþ Ãàìèëüòîíà.

H(x1, x2, ψ1, ψ2) =
(ψ1x1 + ψ2x2)(−1 + x21 + x22)

−2x1 cos(u(t))− 2x2 sin(u(t)) + x21 + x22 + 1
+

+
2(ψ2(t)x1(t))(−x2(t)cos(u(t)) + x1(t)sin(u(t)))

−2x1 cos(u(t))− 2x2 sin(u(t)) + x21 + x22 + 1
(6)

Äàëåå çàïèøåì ïðèñîåäèíåííóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé,

ñîñòîÿùóþ èç äâóõ óðàâíåíèé: ∂ψ1

∂t = − ∂H
∂x1

è ∂ψ2

∂t = − ∂H
∂x2

.



∂ψ1

∂t = −4 sin(u(t))(ψ2x1−ψ1x2(x21+x22))−4 cos(u(t))(ψ1x1(x21+x22)+ψ2(x1−x2)(x1+x2) sin(u(t))+ψ2x2)
(−2x1 cos(u(t))−2x2 sin(u(t))+x21+x

2
2+1)

2 +

+
ψ1(x41+2x21(x22+2)+x42+4x22−1)+4ψ2x1x2 cos(2u(t))

(−2x1 cos(u(t))−2x2 sin(u(t))+x21+x
2
2+1)

2

∂ψ2

∂t = −−4 sin(u(t))(ψ1x1+ψ2x2(x21+x22))−4 cos(u(t))(ψ2x1(x21+x22)−ψ1x2)+2ψ1(x1−x2)(x1+x2) sin(2u(t))
(−2x1 cos(u(t))−2x2 sin(u(t))+x21+x

2
2+1)

2 −

−4ψ1x1x2 cos(2u(t))+ψ2(x41+2x21(x22+2)+x42+4x22−1)
(−2x1 cos(u(t))−2x2 sin(u(t))+x21+x

2
2+1)

2

(7)

Òåïåðü íàéäåì u(t). Äëÿ ýòîãî ñîñòàâèì ñëåäóþùåå óðàâíåíèå:
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∂H

∂u
=

=
2 cos(u)(ψ2(x

4
1 + 2x21x

2
2 + x21 + x42 − x22)

(−2x1 cos(u)− 2x2 sin(u) + x21 + x22 + 1)2
−

−2ψ1x1x2)− 4(x21 + x22)(ψ2x1 − ψ1x2)− 2ψ1 sin(u)(x
4
1 + x21(2x

2
2 − 1) + x42 + x22)

(−2x1 cos(u)− 2x2 sin(u) + x21 + x22 + 1)2
+

+
4ψ2x1x2 sin(u)

(−2x1 cos(u)− 2x2 sin(u) + x21 + x22 + 1)2
= 0

Äîìíîæèì íà çíàìåíàòåëü, ïîëó÷èì:

2 cos(u)(ψ2(x
4
1 + 2x21x

2
2 + x21 + x42 − x22)−

−2ψ1x1x2)−4(x21+x
2
2)(ψ2x1−ψ1x2)−2ψ1 sin(u)(x

4
1+x

2
1(2x

2
2−1)+x42+x

2
2)+4ψ2x1x2 sin(u) = 0

Ââåäåì çàìåíû:

A = −4(x21 + x22)(ψ2x1 − ψ1x2)

B = 2(ψ2(x
4
1 + 2x21x

2
2 + x21 + x42 − x22)− 2ψ1x1x2)

C = 4ψ2x1x2 − 2ψ1(x
4
1 + x21(2x

2
2 − 1) + x42 + x22)

Ïîëó÷àåì:

A+Bcos(u) + Csin(u) = 0.

Ðåøåíèÿ èìåþò ñëåäóþùèé âèä:

u1(x1, x2, ψ1, ψ2) = 2

(
πn+ arctg(

−
√
−A2 +B2 + C2 − C

A−B
)

)

u2(x1, x2, ψ1, ψ2) = 2

(
πn+ arctg(

√
−A2 +B2 + C2 − C

A−B
)

)
Íóæíî âûáðàòü òî ui, i = 1, 2, êîòîðîå äà¼ò ìàêñèìóì ôóíêöèè Ãàìèëüòî-

íà H. Íóæíî ðàññìîòðåòü 2 ñëó÷àÿ: ψ1(0) = 1, ψ1(0) = −1. Äëÿ ïîäñòàíîâêè

èñïîëüçóåì ñëåäóþùèå çíà÷åíèÿ:
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x1(0) = r = 0.8

x2(0) = 0

ψ1(0) = ±1

ψ2(0) = T = 3

n = 1

Ïîñëå âñåõ ïîäñòàíîâîê áûëî óñòàíîâëåíî, ÷òî â îáîèõ ñëó÷àÿõ ìàêñèìó-

ìîì ÿâëÿåòñÿ u1.

Äëÿ ïîèñêà îáëàñòè äîñòèæèìîñòè òðåáóåòñÿ ñîñòàâèòü ñëåäóþùóþ ñèñòå-

ìó äèôôåðåíöèàëüíûõ óðàâíåíèé èç ñèñòåì 5 è 7 ñ íà÷àëüíûìè óñëîâèÿìè:



∂x1
∂t = Re∂w∂t =

x1(−2x2 sin(u(t))+x
2
1+x

2
2−1)+2x22 cos(u(t))

−2x1 cos(u(t))−2x2 sin(u(t))+x21+x
2
2+1

∂x2
∂t = Im∂w

∂t =
x2(−2x1 cos(u(t))+x

2
1+x

2
2−1)+2x21 sin(u(t))

−2x1 cos(u(t))−2x2 sin(u(t))+x21+x
2
2+1

∂ψ1

∂t = −4 sin(u(t))(ψ2x1−ψ1x2(x21+x22))−4 cos(u(t))(ψ1x1(x21+x22)+ψ2(x1−x2)(x1+x2) sin(u(t))+ψ2x2)
(−2x1 cos(u(t))−2x2 sin(u(t))+x21+x

2
2+1)

2 +

+
ψ1(x41+2x21(x22+2)+x42+4x22−1)+4ψ2x1x2 cos(2u(t))

(−2x1 cos(u(t))−2x2 sin(u(t))+x21+x
2
2+1)

2

∂ψ2

∂t = −−4 sin(u(t))(ψ1x1+ψ2x2(x21+x22))−4 cos(u(t))(ψ2x1(x21+x22)−ψ1x2)+2ψ1(x1−x2)(x1+x2) sin(2u(t))
(−2x1 cos(u(t))−2x2 sin(u(t))+x21+x

2
2+1)

2 −

−4ψ1x1x2 cos(2u(t))+ψ2(x41+2x21(x22+2)+x42+4x22−1)
(−2x1 cos(u(t))−2x2 sin(u(t))+x21+x

2
2+1)

2

x1(0) = r = 0.8,−∞ < r < +∞

x2(0) = 0

ψ1(0) = ±1

ψ2(0) = τ,−∞ < τ < +∞
(8)
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x1(0) = r = 0.8,−∞ < r < +∞
x2(0) = 0

ψ1(0) = ±1

ψ2(0) = T = 3

n = 1

Òåêñò ïðîãðàììû ïðèâåäåí â ïðèëîæåíèè À.

Ïîñëå âñåõ âû÷èñëåíèé áûëè ïîëó÷åíû äâå òàáëèöû ñ òî÷êàìè, ïî êîòî-

ðûì áûëà ïîñòðîåíà ãðàíèöà ìíîæåñòâà äîñòèæèìîñòè:

Ðèñóíîê 1 � Ìíîæåñòâî äîñòèæèìîñòè ðåøåíèé óðàâíåíèÿ Ë¼âíåðà äëÿ åäè-
íè÷íîãî êðóãà

Òàêèì îáðàçîì, áûëà äîêàçàíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 1. Ãðàíèöåé ìíîæåñòâà äîñòèæèìîñòè óðàâíåíèÿ Ë¼âíåðà 2 ÿâëÿ-

åòñÿ êðèâàÿ Γ, çàäàííàÿ ïàðàìåòðè÷åñêèìè óðàâíåíèÿìè

x1 = x1(T, τ), x2 = x2(T, τ),

ãäå x1(T, τ), x2(, τ) - ýòî ðåøåíèÿ x1(t), x2(t) äèôôåðåíöèàëüíûõ óðàâíåíèé
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∂x1
∂t

= Re
∂w

∂t
=
x1
(
−2x2 sin(u(t)) + x21 + x22 − 1

)
+ 2x22 cos(u(t))

−2x1 cos(u(t))− 2x2 sin(u(t)) + x21 + x22 + 1

∂x2
∂t

= Im
∂w

∂t
=
x2
(
−2x1 cos(u(t)) + x21 + x22 − 1

)
+ 2x21 sin(u(t))

−2x1 cos(u(t))− 2x2 sin(u(t)) + x21 + x22 + 1

ñèñòåìû 8 â ìîìåíò t = T , â êîòîðîé τ ñëóæèò íà÷àëüíûì óñëîâèåì

óðàâíåíèÿ ψ2(0) = τ , à óïðàâëÿþùàÿ ôóíêöèÿ u(t) çàäàåòñÿ óðàâíåíèåì

u2(x1, x2, ψ1, ψ2) = 2

(
πn+ arctg(

√
−A2 +B2 + C2 − C

A−B
)

)
,

A = −4(x21 + x22)(ψ2x1 − ψ1x2),

B = 2(ψ2(x
4
1 + 2x21x

2
2 + x21 + x42 − x22)− 2ψ1x1x2),

C = 4ψ2x1x2 − 2ψ1(x
4
1 + x21(2x

2
2 − 1) + x42 + x22),

ñîãëàñíî ïðèíöèïó ìàêñèìóìà Ïîíòðÿãèíà. Êðèâàÿ Γ ñîñòîèò èç äâóõ êðèâûõ

Γ1 è Γ2, êîòîðûå ñîîòâåòñòâóþò íà÷àëüíûì äàííûì ψ1(0) = 1 è ψ1(0) = −1,

ñîîòâåòñòâåííî, â ñèñòåìå 8.
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Çàêëþ÷åíèå

Â ðàáîòå áûëà íàéäåíà ãðàíèöà ìíîæåñòâà, êîòîðîå ìîæåò áûòü çàïîëíåíî

ðåøåíèÿìè óðàâíåíèé Ë¼âíåðà - îïòèìàëüíîå óïðàâëåíèå, è ðåøåíà îäíà èç

çàäà÷ òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ.

Äëÿ äîñòèæåíèÿ ðåçóëüòàòîâ áûëà íàïèñàíà ïðîãðàììà â ñèñòåìàWolfram

Mathematica 13.0, áëàãîäàðÿ êîòîðîé áûëè ïîëó÷åíû òàáëèöû çíà÷åíèé, èñ-

õîäÿ èç êîòîðûõ áûëà ïîñòðîåíà ïðåäïîëàãàåìàÿ ãðàíèöà ìíîæåñòâà äîñòè-

æèìîñòè ðåøåíèé óðàâíåíèÿ Ë¼âíåðà äëÿ åäèíè÷íîãî êðóãà.

Òàêæå áûëè ðàññìîòðåíû îñíîâíûå àñïåêòû òåîðèè îïòèìàëüíîãî óïðàâ-

ëåíèÿ: îñíîâíûå îïðåäåëåíèÿ, òåîðåìû, ñâîéñòâà.

Êðîìå òîãî, ïîäðîáíî ðàññìîòðåíû ìåòîäû òåîðèè îïòèìàëüíîãî óïðàâ-

ëåíèÿ, èñïîëüçóåìûå â ýêñòðåìàëüíûõ çàäà÷àõ êëàññà îãðàíè÷åííûõ îäíî-

ëèñòíûõ ôóíêöèé.

Áîëåå òîãî, â ïðîöåññå äîñòèæåíèÿ ðåçóëüòàòîâ áûë ïîëó÷åí êîëîññàëü-

íûé îïûò ðàáîòû è íàïèñàíèÿ ïðîãðàìì â ñèñòåìå Wolfram Mathematica 13.0.

12



ÏÐÈËÎÆÅÍÈÅ À Ïîëó÷åíèå òî÷åê äëÿ ïîñòðîåíèÿ ìíîæåñòâà

äîñòèæèìîñòè

(* : : Package : : *)

W[ x1_ , x2_ , u_] = =(x1 + I *x2 ) * (Exp [ I *u ] + x1 + I *x2 ) /(

Exp [ I *u ] = x1 = I *x2 )

dx1dt [ x1_ , x2_ , psi1_ , psi2_ , u_] = Fu l l S imp l i f y [

ComplexExpand [Re [W[ x1 , x2 , u ] ] ] ]

dx2dt [ x1_ , x2_ , psi1_ , psi2_ , u_] = Fu l l S imp l i f y [

ComplexExpand [ Im [W[ x1 , x2 , u ] ] ] ]

H[ x1_ , x2_ , psi1_ , psi2_ , u_] = Fu l l S imp l i f y [ p s i 1 *dx1dt [ x1

, x2 , ps i1 , ps i2 , u ] + ps i 2 *dx2dt [ x1 , x2 , ps i1 , ps i2 , u

] ]

DPSI1 [ x1_ , x2_ , psi1_ , psi2_ , u_] = =Fu l l S imp l i f y [D[H[ x1 ,

x2 , ps i1 , ps i2 , u ] , x1 ] ]

DPSI2 [ x1_ , x2_ , psi1_ , psi2_ , u_] = =Fu l l S imp l i f y [D[H[ x1 ,

x2 , ps i1 , ps i2 , u ] , x2 ] ]

DH[ x1_ , x2_ , u ] = Fu l l S imp l i f y [D[ ( p s i 2 ( x2 (=1+x1^2+x2^2=2

x1 Cos [ u ] )+2 x1^2 Sin [ u ] ) ) /(1+x1^2+x2^2=2 x1 Cos [ u]=2

x2 Sin [ u ] ) +(ps i 1 (2 x2^2 Cos [ u]+x1 (=1+x1^2+x2^2=2 x2

Sin [ u ] ) ) ) /(1+x1^2+x2^2=2 x1 Cos [ u]=2 x2 Sin [ u ] ) , u ] ]
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=4 ( p s i 2 x1=ps i 1 x2 ) ( x1^2+x2^2)+2 (=2 ps i 1 x1 x2+ps i 2 ( x1

^2+x1^4=x2^2+2 x1^2 x2^2+x2^4) ) Cos [ u]+4 ps i 2 x1 x2 Sin [

u]=2 ps i 1 ( x1^4+x2^2+x2^4+x1^2 (=1+2 x2^2) ) Sin [ u ]

A1+B1*Cos [ u]+C1*Sin [ u]==0

ClearAl l [A1 ,B1 ,C1 , tau ]

(* x1=0.8 , x2=0, p s i 1==1, p s i 2=3)*)

A1 [ x1_ , x2_ , psi1_ , psi2_ ] = =4 ( p s i 2 x1=ps i 1 x2 ) ( x1^2+x2^2)

B1 [ x1_ , x2_ , psi1_ , psi2_ ] = 2 (=2 ps i 1 x1 x2+ps i 2 ( x1^2+x1

^4=x2^2+2 x1^2 x2^2+x2^4) )

C1 [ x1_ , x2_ , psi1_ , psi2_ ] = 4 ps i 2 x1 x2 =2 ps i 1 ( x1^4+x2

^2+x2^4+x1^2 (=1+2 x2^2) )

u1 = Fu l l S imp l i f y [ 2 ( \ [ Pi ]*1+ArcTan[(=C1[0.8 ,0 ,=1 ,3 ]= Sqrt [=

A1[0.8 ,0 ,=1 ,3 ]^2+B1[0.8 ,0 ,=1 ,3 ]^2+C1[0 . 8 , 0 , =1 , 3 ]^2 ] ) /(A1

[0.8 ,0 ,=1 ,3 ]=B1 [0 . 8 , 0 , =1 , 3 ] ) ] ) ]

u2 = Fu l l S imp l i f y [ 2 ( \ [ Pi ]*1+ArcTan[(=C1[0 .8 ,0 ,=1 ,3 ]+ Sqrt [=

A1[0.8 ,0 ,=1 ,3 ]^2+B1[0.8 ,0 ,=1 ,3 ]^2+C1[0 . 8 , 0 , =1 , 3 ]^2 ] ) /(A1

[0.8 ,0 ,=1 ,3 ]=B1 [0 . 8 , 0 , =1 , 3 ] ) ] ) ]

Fu l l S imp l i f y [H[ 0 . 8 , 0 , =1, 3 , u1 ] ]

Fu l l S imp l i f y [H[ 0 . 8 , 0 , =1, 3 , u2 ] ]

u2max [ x1_ , x2_ , psi1_ , psi2_ ] = Fu l l S imp l i f y [ 2 ( \ [ Pi ]*1=ArcTan

[(=(4 p s i 2 [ t ] x1 [ t ] x2 [ t ]=2 ps i 1 [ t ] ( x1 [ t ]^4+x2 [ t ]^2+x2 [

t ]^4+x1 [ t ]^2 (=1+2 x2 [ t ]^2) ) )=Sqrt [=(=4 ( p s i 2 [ t ] x1 [ t ]=

ps i 1 [ t ] x2 [ t ] ) ( x1 [ t ]^2+x2 [ t ]^2) )^2+(2 (=2 ps i 1 [ t ] x1 [ t ]

x2 [ t ]+ ps i 2 [ t ] ( x1 [ t ]^2+x1 [ t ]^4=x2 [ t ]^2+2 x1 [ t ]^2 x2 [ t

]^2+x2 [ t ]^4) ) )^2+(4 ps i 2 [ t ] x1 [ t ] x2 [ t ]=2 ps i 1 [ t ] ( x1 [ t

]^4+x2 [ t ]^2+x2 [ t ]^4+x1 [ t ]^2 (=1+2 x2 [ t ]^2) ) ) ^2 ] ) /((=4 (

p s i 2 [ t ] x1 [ t ]= ps i 1 [ t ] x2 [ t ] ) ( x1 [ t ]^2+x2 [ t ]^2) )=(2 (=2
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ps i 1 [ t ] x1 [ t ] x2 [ t ]+ ps i 2 [ t ] ( x1 [ t ]^2+x1 [ t ]^4=x2 [ t ]^2+2

x1 [ t ]^2 x2 [ t ]^2+x2 [ t ]^4) ) ) ) ] ) ]

Fu l l S imp l i f y [ dx1dt [ x1 , x2 , ps i1 , ps i2 , u2max ] ]

Fu l l S imp l i f y [ dx2dt [ x1 , x2 , ps i1 , ps i2 , u2max ] ]

Fu l l S imp l i f y [ DPSI1 [ x1 , x2 , ps i1 , ps i2 , u2max ] ]

Fu l l S imp l i f y [ DPSI2 [ x1 , x2 , ps i1 , ps i2 , u2max ] ]

Points = {}

For [T = =1, T >= =100, T==0.5 ,

c l e a rA l l [ s o l ] ;

s o l := NDSolve [

{

x1 ' [ t ] == (2 x2 [ t ]^2 Cos [ u2max [ x1 , x2 , ps i1 , p s i 2 ] ]+ x1 [ t ]

(=1+x1 [ t ]^2+x2 [ t ]^2=2 x2 [ t ] Sin [ u2max [ x1 , x2 , ps i1 , p s i 2 ] ] )

) /(1+x1 [ t ]^2+x2 [ t ]^2=2 x1 [ t ] Cos [ u2max [ x1 , x2 , ps i1 , p s i 2

] ]=2 x2 [ t ] Sin [ u2max [ x1 , x2 , ps i1 , p s i 2 ] ] ) ,

x2 ' [ t ] == ( x2 [ t ] (=1+x1 [ t ]^2+x2 [ t ]^2=2 x1 [ t ] Cos [ u2max [ x1 ,

x2 , ps i1 , p s i 2 ] ] ) +2 x1 [ t ]^2 Sin [ u2max [ x1 , x2 , ps i1 , p s i 2 ] ] )

/(1+x1 [ t ]^2+x2 [ t ]^2=2 x1 [ t ] Cos [ u2max [ x1 , x2 , ps i1 , p s i 2

] ]=2 x2 [ t ] Sin [ u2max [ x1 , x2 , ps i1 , p s i 2 ] ] ) ,

ps i1 ' [ t ] == =(( p s i 1 [ t ] (=1+x1 [ t ]^4+4 x2 [ t ]^2+x2 [ t ]^4+2 x1 [

t ]^2 (2+x2 [ t ]^2) )+4 ps i 2 [ t ] x1 [ t ] x2 [ t ] Cos [ 2 u2max [ x1 ,

x2 , ps i1 , p s i 2 ] ]+4 ( ps i 2 [ t ] x1 [ t ]= ps i 1 [ t ] x2 [ t ] ( x1 [ t ]^2+

x2 [ t ]^2) ) Sin [ u2max [ x1 , x2 , ps i1 , p s i 2 ] ]=4 Cos [ u2max [ x1 , x2 ,

ps i1 , p s i 2 ] ] ( p s i 2 [ t ] x2 [ t ]+ ps i 1 [ t ] x1 [ t ] ( x1 [ t ]^2+x2 [ t

]^2)+ps i 2 [ t ] ( x1 [ t ]=x2 [ t ] ) ( x1 [ t ]+x2 [ t ] ) Sin [ u2max [ x1 , x2

, ps i1 , p s i 2 ] ] ) ) /(1+x1 [ t ]^2+x2 [ t ]^2=2 x1 [ t ] Cos [ u2max [ x1 ,

x2 , ps i1 , p s i 2 ] ]=2 x2 [ t ] Sin [ u2max [ x1 , x2 , ps i1 , p s i 2 ] ] ) ^2) ,
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psi2 ' [ t ] == (=ps i 2 [ t ] (=1+x1 [ t ]^4+4 x2 [ t ]^2+x2 [ t ]^4+2 x1 [ t

]^2 (2+x2 [ t ]^2) )+4 (=ps i 1 [ t ] x2 [ t ]+ ps i 2 [ t ] x1 [ t ] ( x1 [ t

]^2+x2 [ t ]^2) ) Cos [ u2max [ x1 , x2 , ps i1 , p s i 2 ] ]+4 ps i 1 [ t ] x1 [ t

] x2 [ t ] Cos [ 2 u2max [ x1 , x2 , ps i1 , p s i 2 ] ]+4 ( ps i 1 [ t ] x1 [ t ]+

ps i 2 [ t ] x2 [ t ] ( x1 [ t ]^2+x2 [ t ]^2) ) Sin [ u2max [ x1 , x2 , ps i1 ,

p s i 2 ] ]=2 ps i 1 [ t ] ( x1 [ t ]=x2 [ t ] ) ( x1 [ t ]+x2 [ t ] ) Sin [ 2 u2max

[ x1 , x2 , ps i1 , p s i 2 ] ] ) /(1+x1 [ t ]^2+x2 [ t ]^2=2 x1 [ t ] Cos [ u2max

[ x1 , x2 , ps i1 , p s i 2 ] ]=2 x2 [ t ] Sin [ u2max [ x1 , x2 , ps i1 , p s i 2 ] ] )

^2 ,

x1 [0 ]==0.8 ,

x2 [0]==0 ,

p s i 1 [0]===1,

p s i 2 [0]==T

} ,

{x1 , x2 , ps i1 , p s i 2 } ,

{t , 0 , 10} ,

Method => { " S t i f f n e s s Sw i t c h i n g " , " Nons t i f fTe s t " =>

False }

] ;

AppendTo [ Points , { x1 [ 3 ] / . F i r s t [ s o l ] , x2 [ 3 ] / . F i r s t [ s o l

] } ] ;

(* Print [ { x1 [ 3 ] / . so l , x2 [ 3 ] / . s o l } ]* )

]

Pr int [ Points ]
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