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1 Ïåðèîäè÷åñêèå Â-ñïëàéíû

Ïðåäïîëîæèì, ÷òî N = mn è m ≥ 2. Ââåäåì ñèãíàë

x1(j) =


n− j, j ∈ 0 : n− 1,

0, j ∈ n : N − n,

j −N + n, j ∈ N − n+ 1 : N − 1,

(1)

è íàéäåì åãî äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå X1 = FN(x1).

Ëåììà 1. Ñïðàâåäëèâî ðàâåíñòâî

X1(k) =

n2, k = 0,

( sin(πk/m)
sin(πk/N))

2, k ∈ 1 : N − 1.
(2)

Ñèãíàë x1 õàðàêòåðèçóåòñÿ äâóìÿ ñâîéñòâàìè: ðàâåíñòâîì x1(ln) = nδm(l)

è ëèíåéíîñòüþ íà êàæäîì ïðîìåæóòêå ln : (l + 1)n, l ∈ Z.
Ïîëîæèì

Q1 = x1;Qr = Q1 ∗Qr−1, r = 2, 3, ... (3)

Ñèãíàë Qr íàçûâàåòñÿ äèñêðåòíûì ïåðèîäè÷åñêèì Â-ñïëàéíîì ïîðÿäêà

r. Ñîãëàñíî (1) è (3) îí ïðèíèìàåò òîëüêî íåîòðèöàòåëüíûå çíà÷åíèÿ (ðèñó-

íîê 1).

Ðèñóíîê 1 � Ãðàôèê Â-ñïëàéíà Qr(j) ïðè m = 8, n = 5, r = 2

Òåîðåìà 1. Ïðè âñåõ íàòóðàëüíûõ r

Qr(j) =
1

N

N−1∑
k=0

Xr
1(k)wkj

N , j ∈ Z. (4)
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Ôîðìóëó (4) ìîæíî ñ÷èòàòü îïðåäåëåíèåì Â-ñïëàéíà ïîðÿäêà r. Îíà

èìååò ñìûñë è ïðè m = 1. Â ýòîì ñëó÷àå ðàâåíñòâî (2) ïðèíèìàåò âèä X1 =

N 2δN , òàê ÷òî ñîãëàñíî (4) ïîëó÷àåì Qr(j) ≡ N 2r−1.

Îòìåòèì òàêæå, ÷òî ïðè m = N (è n = 1)

Qr(j) =
1

N

N−1∑
k=0

wkj
N = δN(j)

äëÿ âñåõ íàòóðàëüíûõ r.

Â äàëüíåéøåì íàì ïîòðåáóþòñÿ çíà÷åíèÿ Qr(pn) ïðè p ∈ 0 : m − 1.

Âû÷èñëèì èõ. Âîñïîëüçóåìñÿ òåì, ÷òî ëþáîé èíäåêñ k ∈ 0 : N − 1 ìîæíî

ïðåäñòàâèòü â âèäå k = qm + l, ãäå q ∈ 0 : n − 1, l ∈ 0 : m − 1. Ñîãëàñíî (4)

èìååì

Qr(pn) =
1

N

m−1∑
l=0

n−1∑
q=0

Xr
1(qm+ l)w

pn(qm+l)
N =

=
1

m

m−1∑
l=0

wpl
m

1

n

n−1∑
q=0

Xr
1(qm+ l).

Îáîçíà÷èâ

Tr(l) =
1

n

n−1∑
q=0

Xr
1(qm+ l), (5)

ïîëó÷èì

Qr(pn) =
1

m

m−1∑
l=0

Tr(l)w
pl
m. (6)

Îòìåòèì, ÷òî ñèãíàë Tr(l) â ñèëó n-ïåðèîäè÷íîñòè ñèãíàëà f(q) = Xr
1(qm+

l) ÿâëÿåòñÿ m-ïåðèîäè÷åñêèì. Äåéñòâèòåëüíî, ïðè öåëîì s

Tr(l + sm) =
1

n

n−1∑
q=0

Xr
1((q + s)m+ l) =

1

n

n−1∑
q=0

f(q + s) =

=
1

n

n−1∑
q=0

f(q) =
1

n

n−1∑
q=0

Xr
1(qm+ l) = Tr(l).

Ìû âîñïîëüçîâàëèñü ëåììîé (??).
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Ïðåîáðàçóåì ôîðìóëó (5). Ïðè l ∈ 1 : m− 1 ââåäåì âåëè÷èíó

Λr(l) =
1

n

n−1∑
q=0

(2 sin
π(qm+ l)

N
)−2r.

Ëåììà 2. Ñïðàâåäëèâî ðàâåíñòâî

Tr(l) =

n
2r−1, l = 0

(2 sin
πl

m
)2rΛr(l), l ∈ 1 : m− 1.

(7)

Èç (7), â ÷àñòíîñòè, ñëåäóåò, ÷òî Tr(l) > 0 ïðè âñåõ l ∈ Z.
Íà ðèñóíêå 2 èçîáðàæåíû ãðàôèêè ñèãíàëà Tr(l) íà îñíîâíîì ïåðèîäå

0 : m− 1 ïðè m = 512, n = 2, r = 2, 3, 4.

Ðèñóíîê 2 � Ãðàôèêè ñèãíàëà Tr(l) ïðè m = 32, n = 2, r = 2, 3, 4

Óñòàíîâèì ñâÿçü ìåæäó äèñêðåòíûìè ïåðèîäè÷åñêèìè Â-ñïëàéíàìè è

äèñêðåòíûìè ïåðèîäè÷åñêèìè ôóíêöèÿìè Áåðíóëëè.

Òåîðåìà 2. Ñïðàâåäëèâà ôîðìóëà

Qr(j) =
1

N
n2r +

r∑
l=−r

(−1)r−lCr−l
2r b2r(j + r − ln). (8)
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2 Äèñêðåòíûå ïåðèîäè÷åñêèå ñïëàéíû

Ïóñòü N = mn è N ≥ 2. Äèñêðåòíûé ïåðèîäè÷åñêèé ñïëàéí S(j) ïî-

ðÿäêà r îïðåäåëÿåòñÿ êàê ëèíåéíàÿ êîìáèíàöèÿ ñ êîìïëåêñíûìè êîýôôèöè-

åíòàìè ñäâèãîâ B-ñïëàéíà Qr(j):

S(j) =
m−1∑
p=0

c(p)Qr(j − pn). (9)

Ìíîæåñòâî ñïëàéíîâ âèäà (9) îáîçíà÷èì ÷åðåç Smr . Ïîñêîëüêó Qr(j) =

= σN(j) ïðè m = N , òî â ñèëó ëåììû (??) SNr = CN äëÿ âñåõ íàòóðàëüíûõ

r. Ïðè m = 1 èìååì Qr(j) ≡ N 2r−1, ïîýòîìó S1
r åñòü ìíîæåñòâî ñèãíàëîâ,

òîæäåñòâåííî ðàâíûõ êîìïëåêñíîé êîíñòàíòå.

Ëåììà 3. Áàçèñíûå ñèãíàëû Qr(j− pn), p ∈ 0 : m− 1 , ëèíåéíî íåçàâèñèìû

íà Z.

Î÷åâèäíî, ÷òî Smr åñòü ëèíåéíîå êîìïëåêñíîå ïðîñòðàíñòâî. Îíî ÿâëÿ-

åòñÿ ïîäïðîñòðàíñòâîì CN . Íà îñíîâàíèè ëåììû (3) ìîæíî óòâåðæäàòü, ÷òî

ðàçìåðíîñòü Smr ðàâíà m.

Ëåììà 4. Ñïðàâåäëèâî òîæäåñòâî

m−1∑
p=0

Qr(j − pn) ≡ n2r−1. (10)

Èç (10), â ÷àñòíîñòè, ñëåäóåò, ÷òî ñèãíàë, òîæäåñòâåííî ðàâíûé êîì-

ïëåêñíîé êîíñòàíòå, ïðèíàäëåæèò Smr .

Ìîæíî äàòü ýêâèâàëåíòíîå îïðåäåëåíèå äèñêðåòíîãî ïåðèîäè÷åñêîãî

ñïëàéíà ñ ïîìîùüþ ôóíêöèé Áåðíóëëè.

Òåîðåìà 3. Äëÿ òîãî ÷òîáû ñèãíàë S ïðèíàäëåæàë ïîäïðîñòðàíñòâó Smr ,

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îí äîïóñêàë ïðåäñòàâëåíèå

S(j) = d+
m−1∑
l=0

d(l)b2r(j + r − ln), (11)

ãäå
∑m−1

l=0 d(l) = 0.
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Ïðèâåäåì îäíî âàæíîå äëÿ äàëüíåéøåãî ñâîéñòâî äèñêðåòíûõ ïåðèî-

äè÷åñêèõ ñïëàéíîâ.

Òåîðåìà 4. Äëÿ ïðîèçâîëüíîãî ñïëàéíà S ∈ Smr è ïðîèçâîëüíîãî ñèãíàëà

x ∈ CN ñïðàâåäëèâî ñîîòíîøåíèå

N−1∑
j=0

∆rS(j)∆rx(j) = (−1)r
m−1∑
l=0

d(l)x(ln) (12)

ãäå d(l) � êîýôôèöèåíòû èç ïðåäñòàâëåíèÿ (11) ñïëàéíà S.
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3 Ñïëàéí-èíòåðïîëÿöèÿ

Ðàññìîòðèì íà ìíîæåñòâå Smr äèñêðåòíûõ ïåðèîäè÷åñêèõ ñïëàéíîâ ïî-

ðÿäêà r èíòåðïîëÿöèîííóþ çàäà÷ó

S(ln) = z(l), l ∈ 0 : m− 1, (13)

ãäå z(l) - ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà. Ïîäðîáíàÿ çàïèñü çàäà÷è

(13) èìååò âèä

m−1∑
p=0

c(p)Qr((l − p)n) = z(l), l ∈ 0 : m− 1. (14)

Òàêèì îáðàçîì, çàäà÷à äèñêðåòíîé ñïëàéí-èíòåðïîëÿöèè ñâîäèòñÿ ê ðå-

øåíèþ ñèñòåìó ëèíåéíûõ óðàâíåíèé (14) îòíîñèòåëüíî êîýôôèöèåíòîâ ñïëàé-

íà c(p).

Ââåäåì ñèãíàë h(p) = Qr(pn). Ñ åãî ïîìîùüþ ñèñòåìó (13) ìîæíî ïå-

ðåïèñàòü òàê:
m−1∑
p=0

c(p)h(l − p) = z(l), l ∈ 0 : m− 1,

èëè áîëåå êîìïàêòíî c∗ = z. Ïåðåõîäÿ â ñïåêòðàëüíóþ îáëàñòü, ïîëó÷àåì

ýêâèâàëåíòíóþ ñèñòåìó óðàâíåíèé

C(k)H(k) = Z(k), k ∈ 0 : m− 1, (15)

ãäå C = Fm(c), Z = Fm(z) è

H(k) =
m−1∑
p=0

h(p)w−kpm .

Ñîãëàñíî (6), H(k) = Tr(k), ïðè÷åì, êàê îòìå÷àëîñü ïîñëå äîêàçàòåëü-

ñòâà ëåììû (2), âñå çíà÷åíèÿ Tr(k) ïîëîæèòåëüíû. Ñèñòåìà (15) èìååò åäèí-

ñòâåííîé ðåøåíèå C(k) = Z(k)/Tr(k), k ∈ 0 : m − 1. Ïî ôîðìóëå îáðàùåíèÿ
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äëÿ ÄÏÔ

c(p) =
1

m

m−1∑
k=0

[Z(k)/Tr(k)]wkp
m , p ∈ 0 : m− 1. (16)

Ïîäâåäåì èòîã.

Òåîðåìà 5. Èíòåðïîëÿöèîííàÿ çàäà÷à (13) èìååò åäèíñòâåííîå ðåøåíèå.

Äëÿ êîýôôèöèåíòîâ èíòåðïîëÿöèîííîãî ñïëàéíà S∗ ñïðàâåäëèâà ôîðìóëà

(16).

Ïîêàæåì, ÷òî äèñêðåòíûé èíòåðïîëÿöèîííûé ñïëàéí S∗ îáëàäàåò ýêñ-

òðåìàëüíûì ñâîéñòâîì. Ïîïóòíî âûÿñíèòñÿ ðîëü ïàðàìåòðà r.

Ðàññìîòðèì ýêñòðåìàëüíóþ çàäà÷ó

f(x) :=
N−1∑
j=0

|∆rx(j)|2 → min, x(ln) = x(l), l ∈ 0 : m− 1;x ∈ CN . (17)

Òåîðåìà 6. Åäèíñòâåííûì ðåøåíèåì çàäà÷è (17) ÿâëÿåòñÿ äèñêðåòíûé èí-

òåðïîëÿöèîííûé ñïëàéí S∗.
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4 Ñãëàæèâàíèå äèñêðåòíûõ ïåðèîäè÷åñêèõ äàííûõ

Ðàññìîòðèì ïðè N = mn çàäà÷ó ñãëàæèâàíèÿ äèñêðåòíûõ ïåðèîäè÷å-

ñêèõ äàííûõ â ñëåäóþùåé ïîñòàíîâêå:

f(x) :=
N−1∑
j=0

|∆rx(j)|2 → min, g(x) :=
m−1∑
l=0

|x(ln)− z(l)|2 ≤ ε, x ∈ CN , (18)

ãäå ε > 0 - ôèêñèðîâàííîå ÷èñëî(ïàðàìåòð). Òàêèì îáðàçîì, òðåáóåòñÿ íàéòè

ñèãíàë x∗ ∈ CN , îáåñïå÷èâàþùèé çàäàííóþ òî÷íîñòü àïïðîêñèìàöèè g(x∗) ≤
ε äàííûõ z(l) íà êðóïíîé ñåòêå lnm−1l=0 è èìåþùèé ìèíèìàëüíûé êâàäðàò íîð-

ìû êîíå÷íîé ðàçíîñòè r-ãî ïîðÿäêà. Ïîñëåäíåå óñëîâèå õàðàêòåðèçóåò "ïëàâ-

íîñòü"èñêîìîãî ñèãíàëà.

Îòìåòèì, ÷òî ïðè ε = 0 çàäà÷à (18) ðàâíîñèëüíà çàäà÷å (17).

Ïðåäâàðèòåëüíî ðåøèì âñïîìîãàòåëüíóþ çàäà÷ó

q(c) :=
m−1∑
l=0

|c− z(l)|2 → min, (19)

ãäå ìèíèìóì áåðåòñÿ ïî âñåì c ∈ C. Èìååì

q(c+ h) =
m−1∑
l=0

|(c− z(l)) + h|2 =

= q(c) +m|h|2 + 2Re
m−1∑
l=0

(c− z(l))h̄.

Î÷åâèäíî, ÷òî åäèíñòâåííàÿ òî÷êà ìèíèìóìà x∗ ôóíêöèè q(c) îïðåäå-

ëÿåòñÿ èç óñëîâèÿ
m−1∑
l=0

(c− z(l)) = 0,

òàê ÷òî

c∗ =
1

m

m−1∑
l=0

z(l). (20)
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Ïðè ýòîì

ε∗ := q(c∗) = −
m−1∑
l=0

(c∗ − z(l))z̄(l) =
m−1∑
l=0

|z(l)|2 −m|c∗|2. (21)

Âåëè÷èíà ε∗ åñòü êðèòè÷åñêîå çíà÷åíèå ïàðàìåòðà ε. Ïðè ε ≥ ε∗ ðå-

øåíèåì çàäà÷è (18) ÿâëÿåòñÿ ñèãíàë x∗(j) ≡ c∗, ïîñêîëüêó â ýòîì ñëó÷àå

g(x∗) = q(c∗) = ε∗ ≤ ε è f(x∗) = 0. Â äàëüíåéøåì ñ÷èòàåì, ÷òî 0 < ε < ε∗. Â

÷àñòíîñòè, ε∗ > 0. Ýòî ãàðàíòèðóåò, ÷òî m ≥ 2 è z(l 6=)const.

Çàôèêñèðóåì ïàðàìåòð a > 0, ââåäåì ôóíêöèþ

Fa(x) = af(x) + g(x)

è ðàññìîòðèì åùå îäíó âñïîìîãàòåëüíóþ çàäà÷ó

Fa(x)→ min, (22)

ãäå ìèíèìóì áåðåòñÿ ïî âñåì x ∈ CN . Âîçüìåì ïðîèçâîëüíûé ñïëàéí S ∈ Smr
è çàïèøåì ðàçëîæåíèå

Fa(S +H) = af(S +H) + g(S +H) =

a[f(S) + f(H) + 2Re
N−1∑
j=0

∆rS(j)∆rH̄(j)]+

+g(S) +
m−1∑
l=0

|H(ln)|2 + 2Re
m−1∑
l=0

[S(ln)− z(l)]H̄(ln).

Èìååì

Fa(S+H) = Fa(S)+af(H)+
m−1∑
l=0

|H(ln)|2+2Re
m−1∑
l=0

[(−1)rad(l)+S(ln)−z(l)]H̄(ln).
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Çäåñü d(l) - êîýôôèöèåíòû ðàçëîæåíèÿ ñïëàéíà S ïî ñäâèãàì óñëîâèÿì

(−1)rad(l) + S(ln) = z(l), l ∈ 0 : m− 1,
m−1∑
l=0

d(l) = 0. (23)

Òîãäà äëÿ ëþáîãî H ∈ CN áóäåò âûïîëíÿòüñÿ ðàâåíñòâî

Fa(Sa +H) = Fa(Sa) + af(H) +
m−1∑
l=0

|H(ln)|2.

Èç íåãî, â ÷àñòíîñòè, ñëåäóåò, ÷òî Fa(Sa + H) ≥ Fa(Sa), òàê ÷òî Sa -

ðåøåíèå çàäà÷è (22). Áîëåå òîãî, ýòî åäèíñòâåííîå ðåøåíèå. Äåéñòâèòåëüíî,

äîïóñòèâ, ÷òî Fa(Sa +H) = Fa(Sa), ïîëó÷èì

N−1∑
j=0

|∆rH(j)|2 = 0

è
m−1∑
l=0

|H(ln)|2 = 0.

Ïåðâîå ðàâåíñòâî âûïîëíÿåòñÿ òîëüêî òîãäà, êîãäà H(j) ≡ const (òåî-

ðåìà (??)). Ñîãëàñíî âòîðîìó ðàâåíñòâó H(j) ≡ 0.

Îñòàåòñÿ ïðîâåðèòü, ÷òî ñèñòåìà (23) èìååò åäèíñòâåííîå ðåøåíèå â

êëàññå ñïëàéíîâ S. Âîçüìåì ðåøåíèå d0, d0(0), d0(1), ..., d0(m− 1) îäíîðîäíîé

ñèñòåìû

(−1)rad(l) + S(ln) = 0, l ∈ 0 : m− 1,
m−1∑
l=0

d(l) = 0. (24)

Ñîîòâåòñòâóþùèé ñïëàéí îáîçíà÷èì ÷åðåç S0. Ñîãëàñíî (24) èìååì

N−1∑
j=0

|∆rS0(j)|2 = (−1)r
m−1∑
l=0

d0(l)S̄0(ln) = −a
m−1∑
l=0

|d0(l)|2.

Â ñèëó ïîëîæèòåëüíîñòè a ýòî ðàâåíñòâî âîçìîæíî òîëüêî òîãäà, êîãäà

âñå d0(l) ðàâíû íóëþ. Íî â ýòîì ñëó÷àå S0(j) ≡ d0. Âìåñòå ñ òåì, S0(ln) =

(−1)r+1ad0(l) = 0 ïðè l ∈ 0 : m−1, òàê ÷òî d0 = 0. Äîêàçàíî, ÷òî îäíîðîäíàÿ

12



ñèñòåìà (24) èìååò òîëüêî íóëåâîå ðåøåíèå. Êàê ñëåäñòâèå, ïîëó÷àåì, ÷òî

ñèñòåìà (23) èìååò åäèíñòâåííîå ðåøåíèå ïðè ëþáûõ z(l), l ∈ 0 : m− 1.

Òåîðåìà 7. Âñïîìîãàòåëüíàÿ çàäà÷à (22) èìååò åäèíñòâåííîå ðåøåíèå Sa.

Ýòî äèñêðåòíûé ïåðèîäè÷åñêèé ñïëàéí, êîýôôèöèåíòû êîòîðîãî îïðåäåëÿ-

þòñÿ èç ñèñòåìû ëèíåéíûõ óðàâíåíèé (23).

Ïîêàæåì, ÷òî ñèñòåìà (23) ìîæåò áûòü ðåøåíà ÿâíî. Äëÿ ýòîãî ïåðåé-

äåì â ñïåêòðàëüíóþ îáëàñòü:

(−1)ra
m−1∑
l=0

d(l)w−klm + d
m−1∑
l=0

w−klm +

+
m−1∑
l=0

m−1∑
p=0

d(p)b2r((l − p)n+ r)w−klm =
m−1∑
l=0

z(l)w−klm .

Îáîçíà÷èì D = Fm(d), Z = Fm(z). Ó÷èòûâàÿ, ÷òî kl = k(l − p) + kp,

ïîëó÷àåì

(−1)raD(k) +mdbm(k)+

+
m−1∑
p=0

d(p)w−kpm

m−1∑
l=0

b2r(ln+ r)w−klm = Z(k).

Îòìåòèì, ÷òî D(0) =
∑m−1

l=0 d(l) = 0. Ïîëîæèâ

Br(k) =
m−1∑
l=0

b2r(ln+ r)w−lkm ,

ïðèäåì ê ñèñòåìå ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî d,D(1), ..., D(m−
1):

[(−1)ra+Br(k)]D(k) +mdbm(k) = Z(k), (25)

k ∈ 0 : m− 1.

Ïðè k = 0 èìååì

d =
1

m
Z(0) =

1

m

m−1∑
l=0

z(l) = c∗.
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Ïðè k ∈ 1 : m− 1 óðàâíåíèå (25) ïðèíèìàåò âèä

[(−1)ra+Br(k)]D(k) = Z(k). (26)

Ëåììà 5. Ïðè k ∈ 1 : m− 1 ñïðàâåäëèâî ðàâåíñòâî

[Br(k) = (−1)rΛr(k), (27)

ãäå

Λr(k) =
1

n

n−1∑
q=0

(2 sin
π(qm+ k)

N
)−2r.

Íà îñíîâàíèè (26) è (27) çàïèøåìD(k) =


0, k = 0,

(−1)rZ(k)

a+ Ωr(k)
, k ∈ 1 : m− 1.

Ïî ôîðìóëå îáðàùåíèÿ äëÿ ÄÏÔ

d(l) =
(−1)r

m

m−1∑
k=1

Z(k)wkl
m

a+ Ωr(k)
, l ∈ 0 : m− 1. (28)

ßâíîå ðåøåíèå ñèñòåìû (23) íàéäåíî.

Ðåøåíèå âñïîìîãàòåëüíîé çàäà÷è (22) ïîëó÷åíî â âèäå (11):

Ïðåîáðàçóåì åãî ê âèäó (9):

Òåîðåìà 8. Ñãëàæèâàþùèé ñïëàéí Sa(j) äîïóñêàåò ïðåäñòàâëåíèå

Sa(j) =
m−1∑
p=0

ca(p)Qr(j − pn), (29)

ãäå

ca(p) =
1

m

m−1∑
k=0

Z(k)wkp
m

Tr(k) + a(2 sin(πk/m))2r
. (30)

Îòìåòèì, ÷òî ïðè a = 0 ôîðìóëà (30) äëÿ êîýôôèöèåíòîâ ñãëàæèâàþ-

ùåãî ñïëàéíà ñîâïàäàåò ñ ôîðìóëîé (16) äëÿ êîýôôèöèåíòîâ èíòåðïîëÿöè-

îííîãî ñïëàéíà.

14



Ââåäåì ôóíêöèþ ϕ(a) = g(Sa). Ñîãëàñíî (18), (23) è ðàâåíñòâó Ïàðñå-

âàëÿ èìååì

ϕ(a) = a2
m−1∑
l=0

|d(l)|2 =
a2

m

m−1∑
k=0

|D(k)|2 =

=
a2

m

m−1∑
k=1

|Z(k)|2

(a+ Ωr(l))2
=

1

m

m−1∑
k=1

|Z(k)|2

(1 + Ωr(k)/a)2
.

Íàïîìíèì, ÷òî z(l) 6= const, ïîýòîìó õîòÿ áû îäíà èç êîìïîíåíò Z(1), ...,

Z(m− 1) äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå îòëè÷íà îò íóëÿ.

Ôóíêöèÿ ϕ(a) íà ïîëóîñè (0,+ ∝) ñòðîãî âîçðàñòàåò, ïðè÷åì lim
a→+0

ϕ(a) =

0. Íàéäåì ïðåäåë ϕ(a) ïðè a→ + ∝. Ñ ó÷åòîì (20) è (21) ïîëó÷àåì

lim
a→+∝

ϕ(a) =
1

m

m−1∑
k=1

|Z(k)|2 =
1

m

m−1∑
k=0

|Z(k)|2 − 1

m
|Z(0)|2 =

=
m−1∑
l=0

|z(l)|2 − 1

m
|
m−1∑
l=0

z(l)|2 =
m−1∑
l=0

|z(l)|2 −m|c∗|2 = ε∗,

ãäå ε∗ - êðèòè÷åñêîå çíà÷åíèå ïàðàìåòðà ε. Îòñþäà, â ÷àñòíîñòè, ñëåäóåò,

÷òî óðàâíåíèå ϕ(a) = ε ïðè 0 < ε < ε∗ èìååò åäèíñòâåííûé ïîëîæèòåëüíûé

êîðåíü a∗.

Òåîðåìà 9. Äèñêðåòíûé ïåðèîäè÷åñêèé ñïëàéí Sa, ÿâëÿåòñÿ åäèíñòâåí-

íûì ðåøåíèåì çàäà÷è (18).
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5 Ìåòîä êàñàòåëüíûõ ãèïåðáîë

Â ïðåäûäóùåì ïóíêòå áûëî óñòàíîâëåíî, ÷òî ïðè 0 < ε < ε∗ åäèíñòâåí-

íûì ðåøåíèåì çàäà÷è ñãëàæèâàíèÿ (18) ÿâëÿåòñÿ äèñêðåòíûé ïåðèîäè÷åñêèé

ñïëàéí Sa(j) âèäà (29) ñ a = a∗, ãäå a∗ � åäèíñòâåííûé ïîëîæèòåëüíûé êî-

ðåíü óðàâíåíèÿ ϕ(a) = ε. Ðàññìîòðèì âîïðîñ î âû÷èñëåíèè a∗.

Ââåäåì ôóíêöèþ

ψ(b) = ϕ(
1

b
) =

1

m

m−1∑
k=1

|Z(k)|2

(1 + Ωr(k)b)2
.

Íà èíòåðâàëå (−t,+∞), ãäå t = mink∈1:m−1(Ωr(k))−1, âûïîëíÿþòñÿ

íåðàâåíñòâà ψ′(b) < 0, ψ′′(b) > 0, ïîýòîìó íà (−t,+∞) ôóíêöèÿ ψ(b) ÿâëÿåò-

ñÿ ñòðîãî óáûâàþùåé è ñòðîãî âûïóêëîé. Ïðè ýòîì ψ(0) = ε∗ è limb→+∞ψ(b) =

0. Åñëè b∗ � ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ ψ(b) = ε, òî a∗ = 1/b∗. Òàêèì

îáðàçîì, âìåñòî óðàâíåíèÿ ϕ(a) = ε ìîæíî ðåøaòü óðàâíåíèå ψ(b) = ε.

Ðàññìîòðèì ðàâíîñèëüíîå óðàâíåíèå (ψ(b))−1/2 = ε−1/2 è áóäåì ðåøàòü

åãî ìåòîäîì Íüþòîíà ñ íà÷àëüíûì ïðèáëèæåíèåì b0 = 0. Ðàñ÷åòíàÿ ôîðìóëà

ìåòîäà èìååò âèä

bk+1 = bk −
ψ−1/2(bk)− ε−1/2

(−1/2)ψ−3/2(bk)ψ′(bk)
= bk +

2ψ(bk)

ψ′(bk)
[1− (

ψ(bk)

ε
)1/2], k = 0, 1, ...

(31)

Âûÿñíèì, ÷åìó ñîîòâåòñòâóåò òàêîé ìåòîä ïðèìåíèòåëüíî ê óðàâíåíèþ

ψ(b) = ε.

Ëåììà 6. Ôóíêöèÿ [ψ(b)]−1/2 íà èíòåðâàëå (−t,+∞) ñòðîãî âîçðàñòàåò è

âîãíóòà.

Ñîãëàñíî âîãíóòîñòè ôóíêöèè [ψ(b)]−1/2, ïðè b ≥ 0 èìååì

ψ−1/2(b)− ψ−1/2(bk) ≤ −
1

2
ψ−3/2(bk)ψ

′(bk)(b− bk),

òàê ÷òî

0 < ψ−1/2(b) ≤ ψ−1/2(bk)[1−
ψ′(bk)

2ψ(bk)
(b− bk)].
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Âîçâåäÿ â ñòåïåíü -2, ïîëó÷èì

ψ(b) ≥ ψ(bk)[1−
ψ′(bk)

2ψ(bk)
(b− bk)]−2. (32)

Îáîçíà÷èì ôóíêöèþ, ñòîÿùóþ â ïðàâîé ÷àñòè íåðàâåíñòâà (32), ÷åðåç

Ck(b). Ãðàôèê ýòîé ôóíêöèè ÿâëÿåòñÿ ãèïåðáîëîé, êîòîðàÿ â ñèëó (32) ëåæèò

ïîä ãðàôèêîì ôóíêöèèψ(b). Ïîñêîëüêó Ck(bk) = ψ(bk) è C ′k(bk) = ψ′(bk), òî

óêàçàííûå ãðàôèêè êàñàþòñÿ äðóã äðóãà ïðè b = bk (ðèñóíîê (3)).

Áîëåå òîãî, êîðåíü bk+1 óðàâíåíèÿ Ck(b) = ε âû÷èñëÿåòñÿ ïî ôîðìóëå

(31).

Ñêàçàííîå äàåò îñíîâàíèå íàçâàòü èòåðàöèîííûé ìåòîä (31) äëÿ ðåøå-

íèÿ óðàâíåíèÿ ψ(b) = ε ìåòîäîì êàñàòåëüíûõ ãèïåðáîë.

Ðèñóíîê 3 � Ìåòîä êàñàòåëüíûõ ãèïåðáîë
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6 Âû÷èñëåíèå çíà÷åíèé äèñêðåòíîãî ñïëàéíà

Íà÷íåì ñ äèñêðåòíîãî ïåðèîäè÷åñêîãî ñïëàéíà ïåðâîãî ïîðÿäêà

S1(j) =
m−1∑
p=0

c(p)Q1(j − pn). (33)

Êîýôôèöèåíòû c(p) ñ÷èòàþòñÿ ïðîäîëæåííûìè ñ ïåðèîäîì m íà âñå

öåëûå p. Â ÷àñòíîñòè, c(m) = c(0).

Ëåììà 7. Çíà÷åíèÿ S1(0), S1(1), ..., S1(N) âû÷èñëÿþòñÿ ïîñëåäîâàòåëüíî ïî

ñõåìå

S1(0) = nc(0);

S1(ln+ k + 1) = S1(ln+ k) + ∆c(l), (34)

k ∈ 0 : n− 1, l ∈ 0 : m− 1.

Ïðèâåäåì ïðîãðàììó, ðåàëèçóþùóþ âû÷èñëåíèÿ ïî ñõåìå (34).

s1(0) := n * c(0); j := 0;

for l := 0 to m - 1 do

begin h := c(l + 1) - c(l);

for k := 1 to n do

begin j := j + 1;

s1(j) := s1(j - 1) + h end

end

Âèäèì, ÷òî âû÷èñëåíèå çíà÷åíèé S1(j) ïðè j = 0, 1, ..., N òðåáóåò îäíîãî

óìíîæåíèÿ íà n è (n+ 1)m ñëîæåíèé.

Ïåðåéäåì ê îáùåìó ñëó÷àþ äèñêðåòíîãî ïåðèîäè÷åñêîãî ñïëàéíà ïî-

ðÿäêà r. Ñ ïîìîùüþ öèêëè÷åñêîé ñâåðòêè ââåäåì ïîñëåäîâàòåëüíîñòü ñèãíà-

ëîâ

Sv = Q1 ∗ Sv−1, v = 2, 3, ... (35)

Çäåñü S1 èìååò âèä (33).
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Òåîðåìà 10. Ñïðàâåäëèâî ðàâåíñòâî

Sr(j) =
m−1∑
p=0

c(p)Qr(j − pn), j ∈ Z. (36)

Òåîðåìà (10) ïîêàçûâàåò, ÷òî âû÷èñëåíèå çíà÷åíèé Sr(j) ñâîäèòñÿ ê

âû÷èñëåíèþ çíà÷åíèé S1(j) è ïîñëåäîâàòåëüíîé ñâåðòêå ñ B-ñïëàéíîì Q1(j).

Ðàññìîòðèì âîïðîñ î âû÷èñëåíèè ñâåðòêè ñ Q1 îòäåëüíî. Ïóñòü

y(j) =
N−1∑
k=0

x(k)Q1(j − k).

Òåîðåìà 11. Ñïðàâåäëèâî ðàâåíñòâî

y(j) = nx(j) +
n−1∑
k=1

(n− k)[x(j + k) + x(j − k)], (37)

j ∈ 0 : N − 1.

Çàôèêñèðóåì j ∈ 0 : N − 1 è ââåäåì îáîçíà÷åíèÿ

d0 = x(j); dk = x(j + k) + x(j − k), k ∈ 1 : n− 1; tk = n− k.

Òîãäà ôîðìóëó (37) ìîæíî ïåðåïèñàòü â âèäå

y(j) =
n−1∑
k=0

dktk.

Ïîñòðîèì ÷èñëîâóþ ïîñëåäîâàòåëüíîñòü hk ïî ïðàâèëó

hk = dk + hk−1, k = 0, 1, ..., n− 1;h−1 = 0. (38)

Ó÷èòûâàÿ, ÷òî tk − tk+1 = 1, ïîëó÷àåì

y(j) =
n−1∑
k=0

(hk − hk−1)tk =
n−1∑
k=0

hktk −
n−2∑
k=−1

hktk+1 =
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= hn−1tn−1 +
n−2∑
k=0

hk =
n−1∑
k=0

hk.

Òàêèì îáðàçîì,

y(j) =
n−1∑
k=0

hk, (39)

ãäå hk âû÷èñëÿþòñÿ ïî ðåêóððåíòíîé ôîðìóëå (38).

Ïðèâåäåì ïðîãðàììó âû÷èñëåíèÿ çíà÷åíèé y(j) ïðè j ∈ 0 : N − 1,,

îñíîâàííóþ íà ïðåäñòàâëåíèè (39).

for j := 0 to n - 1 do

begin h := x(j); s := h;

for k := 1 to n - 1 do

begin h := h + x(j + k) + x(j - k);

s := s + h end;

y(j) := s

end

Â ïðîãðàììå èñïîëüçóþòñÿ òîëüêî ñëîæåíèÿ â êîëè÷åñòâå 3(n− 1)N .

Ó ñèãíàëà x äîëæíû áûòü ÿâíî çàäàíû çíà÷åíèÿ x(j) ïðè j îò (−n+ 1)

äî N + n− 2. Â ñèëó ïåðèîäè÷íîñòè ñëåäóåò ïîëîæèòü

x(j) = x(N + j), j ∈ −n+ 1 : −1;

x(j) = x(j −N), j ∈ N : N + n− 2.
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7 Îðòîãîíàëüíûé áàçèñ â ïðîñòðàíñòâå ñïëàéíîâ

Ðàññìîòðèì äèñêðåòíûé ïåðèîäè÷åñêèé ñïëàéí

S(j) =
m−1∑
p=0

c(p)Qr(j − pn) (40)

è ïðåîáðàçóåì åãî êîýôôèöèåíòû ïî ïðàâèëó ξ = Fm(c). Ó÷èòûâàÿ

ôîðìóëó îáðàùåíèÿ äëÿ ÄÏÔ, çàïèøåì

S(j) =
1

m

m−1∑
p=0

m−1∑
p=0

ξ(k)wkp
mQr(j − pn) =

=
m−1∑
k=0

ξ(k)
1

m

m−1∑
p=0

wkp
mQr(j − pn). (41)

Ââåäåì îáîçíà÷åíèå

µk(j) =
1

m

m−1∑
p=0

wkp
mQr(j − pn), k ∈ 0 : m− 1. (42)

Òîãäà ôîðìóëà (41) ïðèìåò âèä

S(j) =
m−1∑
k=0

ε(k)µk(j). (43)

Î÷åâèäíî, ÷òî ñèãíàëû µk ïðèíàäëåæàò Smr . Ñîãëàñíî (43) îíè îáðàçó-

þò áàçèñ â Smr . Ïîêàæåì, ÷òî ýòî îðòîãîíàëüíûé áàçèñ.

Ëåììà 8. Ñïðàâåäëèâî ðàâåíñòâî

µk(j) =
1

N

n−1∑
q=0

Xr
1(qm+ k)w

(qm+k)j
N . (44)

Òåîðåìà 12. Ñïðàâåäëèâû ñîîòíîøåíèÿ

(µk, µk′) = 0, k 6= k′, (45)
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||µ||2 =
1

m
T2r(k), k ∈ 0 : m− 1.

Óñòàíîâëåíî, ÷òî ñïëàéíû µk
m−1
k = 0 îáðàçóþò îðòîãîíàëüíûé áàçèñ

â ïðîñòðàíñòâå Smr . Ïåðåõîä îò ðàçëîæåíèÿ (40) ê ðàçëîæåíèþ (43) îñíîâàí

íà ïðåîáðàçîâàíèè êîýôôèöèåíòîâ ε = Fm(c). Îáðàòíûé ïåðåõîä ñâÿçàí ñ

ôîðìóëîé îáðàùåíèÿ äëÿ ÄÏÔ: c = F−1m (ε).

Îòìåòèì, ÷òî â ñèëó (44) è (2)

µ0(j) ≡ N−1n2r. (46)

Ëåììà 9. Ïðè k ∈ 1 : m− 1 ñïðàâåäëèâî ðàâåíñòâî

µm−k(j) = µ̄k(j), j ∈ Z. (47)

Ëåììà 10. Ïðè âñåõ öåëûõ l ñïðàâåäëèâî ðàâåíñòâî

µk(j + ln) = wkl
mµk(j), j ∈ Z. (48)

Äåéñòâèòåëüíî,

muk(j + ln) =
1

m

m−1∑
p=0

wk(p−l)+kl
m Qr(j − (p− l)n) = wkl

mmuk(j).

Òåîðåìà 13. Ïóñòü k ∈ 1 : m− 1 è p � íàòóðàëüíîå ÷èñëî. Åñëè ïðîèçâå-

äåíèå kp íå äåëèòñÿ íà m, òî

N−1∑
j=0

[µk(j)]
p = 0.

Ðàññìîòðèì ÷àñòíûå ñëó÷àè. Ïðè p = 1 èìååì

N−1∑
j=0

µk(j) = 0, k ∈ 1 : m− 1.

Ïóñòü p = 2. Ïðè k ∈ 1 : m − 1 óñëîâèå (2k)m 6= 0 ñâîäèòñÿ ê ñîîò-

íîøåíèþ 2k 6= m. Òàêèì îáðàçîì, ïðè k ∈ 1 : m − 1, k 6= m/2 ñïðàâåäëèâî
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ðàâåíñòâî
N−1∑
j=0

[µk(j)]
2 = 0.

Âèäèì, ÷òî ñðåäè çíà÷åíèé µk(j) ïðè óêàçàííûõ k îáÿçàòåëüíî èìåþòñÿ

êîìïëåêñíûå. Âìåñòå ñ òåì, ïðè ÷åòíîì m âñå çíà÷åíèÿ µm/2(j) âåùåñòâåííû,

ïîñêîëüêó

µm/2(j) =
1

m

m−1∑
p=0

(−1)pQr(j − pn). (49)

Âåðíåìñÿ ê ôîðìóëå (42) è ïåðåïèøåì åå òàê:

µk(j) =
1

m

m−1∑
p=0

Qr(j − pn)wpk
m .

Äàííàÿ ôîðìóëà èìååò âèä ôîðìóëû îáðàùåíèÿ äëÿ ÄÏÔ, ïîýòîìó

Qr(j − pn) =
m−1∑
k=0

µk(j)w
−pk
m , p ∈ 0 : m− 1.

Â ÷àñòíîñòè,

Qr(j) =
m−1∑
k=0

µk(j), j ∈ Z. (50)
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