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Ââåäåíèå. Ââåä¼ì â ðàññìîòðåíèå êëàññ S, ãîëîìîðôíûõ è îäíîëèñòíûõ

ôóíêöèé â åäèíè÷íîì êðóãå U = {z : |z| < 1}:

f(z) = z +
∞∑
n=2

anz
n.

Ïîäêëàññ îãðàíè÷åííûõ ôóíêöèé |f(z)| < M, M ≥ 1 îáîçíà÷èì SM , S∞ ≡
S. Â 1967 ãîäó E.Bombieri[1] ïîñòàâèë çàäà÷ó íàõîæäåíèÿ ÷èñåë

σmn = lim
f→K,f∈S

inf
n−Re an
m−Re am

, m, n ≥ 2,

ãäå f → K ëîêàëüíî ðàâíîìåðíî â U . Áóäåì íàçûâàòü σmn ÷èñëàìè Bombieri.

Â ñâîåé ðàáîòå îí äîêàçàë, ÷òî σmn ≤ Bmn äëÿ íå÷åòíîãî n è m = 3, ãäå

Bmn = min
θ∈[0,2π)

nsinθ − sin(nθ)

msinθ − sin(mθ)
.

Â 2001 ãîäó R.Greiner è O.Roth[2] ïîëó÷èëè ÷èñëî Bombieri σ32 =
e− 1

4e
<

1

4
= B32.

Â 2005 ãîäó Ïðîõîðîâ Ä.Â. è Âàñèëüåâ À.Þ.[3], ïðèìåíÿÿ ïàðàìåòðè÷åñêîå

ïðåäñòàâëåíèå îäíîëèñòíûõ ôóíêöèé èíòåãðàëàìè óðàâíåíèÿ Ë¼âíåðà è ìå-

òîä îïòèìàëüíîãî óïðàâëåíèÿ, íàøëè ÷èñëà Bombieri

σ42 = 0, 050057 . . . , σ24 = 0, 969556 . . . , σ34 = 0, 791557 . . .

Â ýòîé ðàáîòå ðàññìàòðèâàåòñÿ êëàññ SM îãðàíè÷åííûõ îäíîëèñòíûõ

ôóíêöèé. Äëÿ ýòîãî êëàññà ýêñòðåìàëüíîé ôóíêöèåé âî ìíîãèõ çàäà÷àõ ÿâ-

ëÿåòñÿ ôóíêöèÿ Ïèêà:

PM(z) = MK−1
(K(z)

M

)
= z +

∞∑
n=1

pn(M)zn.

G.Pick[4] â 1917 ãîäó ïîëó÷èë òî÷íóþ îöåíêó |a2| ≤ 2
(

1− 1

M

)
= p2(M) â êëàñ-

ñå SM . Êîýôôèöèåíò a3 íåçàâèñèìî äðóã îò äðóãà îöåíèâàëè A.C.Schae�er,
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D.C.Spencer[5] â 1945 ãîäó è O.Tammi[6] â 1953 ãîäó. Â 1965 ãîäó O.Tammi è

M.Schi�er[7] ïîëó÷èëè, ÷òî |a4| ≤ p4(M) ∀ f ∈ SM , M > 300. Â 1978 ãîäó

ýòîò ðåçóëüòàò â áîëåå ñëàáîé ôîðìå (M > 700) áûë ïîâòîðåí O.Tammi[8].

Öåëüþ ìîåé âûïóñêíîé ðàáîòû ÿâëÿåòñÿ ÷èñëåííîå ðåøåíèå çàäà÷è íàõîæ-

äåíèÿ ÷èñëà Bombieri σ42. Çàäà÷è ðàáîòû çàêëþ÷àþòñÿ â ñëåäóþùåì:

- èçó÷èòü ñåìåéñòâà îáëàñòåé è äèôôåðåíöèðóåìîñòü îòîáðàæåíèé ïî ïà-

ðàìåòðó;

- èçó÷èòü ìåòîä íàõîæäåíèÿ ÷èñëà Bombieri σ42;

- ðàçðàáîòàòü ÷èñëåííûé àëãîðèòì ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ñ ïî-

ìîùüþ ïðîãðàììíîãî ïàêåòà Maple.

Îñíîâíîå ñîäåðæàíèå ðàáîòû.

Ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå îäíîëèñòíûõ ôóíêöèé îñíîâûâàåòñÿ íà

äèôôåðåíöèàëüíîì óðàâíåíèè Ë¼âíåðà[9]:

dω

dt
= −ωe

iu + ω

eiu − ω
, ω|t=0 = z, t ≥ 0,

ãäå u = u(t) êóñî÷íî-íåïðåðûâíàÿ óïðàâëÿþùàÿ ôóíêöèÿ ïðè t ≥ 0. Ïî-

ýòîìó ïåðâûì øàãîì íà ïóòè ðåøåíèÿ ïîñòàâëåííîé çàäà÷è áóäåò îïèñàíèå

ñåìåéñòâà îáëàñòåé Ë¼âíåðà

∆(λ) = ∆ \
n⋃
k=1

(Lk \ Lk(λk)),

ãäå λ = (λ1, λ2, . . . , λn) - ïðîèçâîëüíàÿ òî÷êà ïîëóçàìêíóòîãî n - ìåðíîãî

ïàðàëëåëåïèïåäà Λ = {(λ1, λ2, . . . , λn) : 0 ≤ λk < λ0k, k = 1, . . . , n}, Lk =

{ω : ω = ϕk(λk), 0 ≤ λk < λ0k}, (k = 1, . . . , n).

Â õîäå èçó÷åíèÿ ýòîãî âîïðîñà áóäåò äîêàçàíà

Òåîðåìà Êàðàòåîäîðè[10]. Ïóñòü

1. Bn (n = 1, 2, . . .) - îäíîñâÿçíàÿ îáëàñòü â Cw, Bn 6= Cw;

2. Bn 3 0 (n = 1, 2, . . .).

Îáîçíà÷èì ÷åðåç w = fn(z), fn(0) = 0, f
′

n(0) > 0 ãîëîìîðôíóþ îäíîëèñòíóþ

â êðóãå E ôóíêöèþ, îòîáðàæàþùóþ E íà Bn. Òîãäà ñëåäóþùèå äâà óñëîâèÿ

ýêâèâàëåíòíû:
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- ïîñëåäîâàòåëüíîñòü ôóíêöèé fn(z) (n = 1, 2, . . .) ðàâíîìåðíî ñõîäèòñÿ

âíóòðè E ê êîíå÷íîé ôóíêöèè;

- ïîñëåäîâàòåëüíîñòü îáëàñòåé Bn (n = 1, 2, . . .) ñõîäèòñÿ ê ÿäðó îòíîñè-

òåëüíî òî÷êè w = 0, îòëè÷íîìó îò Cw.

Êðîìå òîãî,

- åñëè f(z) = lim
n→∞

fn(z) ≡ 0, òî Ker{Bn} = {0};
- åñëè f(z) 6≡ 0, òî ïîñëåäîâàòåëüíîñòü îáëàñòåé Bn (n = 1, 2, . . .) ñõîäèò-

ñÿ ê íåâûðîæäåííîìó ÿäðó, ÿâëÿþùåìóñÿ îáðàçîì êðóãà E ïðè îòîá-

ðàæåíèè w = f(z);

- åñëè Ker{Bn} = {0}, òî f(z) ≡ 0;

- åñëè Ker{Bn} íåâûðîæäåíî è îòëè÷íî îò Cw, òî ôóíêöèÿ f(z) ãîëî-

ìîðôíà è îäíîëèñòíà â êðóãå E è îòîáðàæàåò åãî íà ÿäðî, ïðè÷åì

f(0) = 0, f
′
(0) > 0, à ôóíêöèè ϕn(w) = f−1n (w) ðàâíîìåðíî ñõîäÿòñÿ

âíóòðè ÿäðà ê ôóíêöèè ϕ(w) = f−1(w), ϕ(0) = 0, ϕ
′
(0) > 0, çàäàííîé

â ÿäðå.

Â óðàâíåíèè Ë¼âíåðà ñäåëàåì çàìåíó ïåðåìåííîé t→ 1− e−t, òîãäà:

dω

dt
=
−ω

1− t
eiu + ω

eiu − ω
, ω|t=0 = z, 0 ≤ t ≤ 1. (1)

Â 1945 ãîäó A.C.Schae�er è D.C.Spencer[5] äîêàçàëè, ÷òî èíòåãðàëû

ω = ω(z, t) = (1− t)(z + a2(t)z
2 + . . .) (2)

óðàâíåíèÿ (1) ïðåäñòàâëÿþò ñîáîé âñþäó ïëîòíûé ïîäêëàññ ôóíêöèé f ∈ SM

f(z) = Mω
(
z, 1− 1

M

)
. (3)

Îáîçíà÷èì ak ≡ x2k−3(t) + ix2k−2(t), k = 2, 3, 4. Èç (2) è (1) ïîëó÷èì:

ẋ1(t) = −2cos u, x1(0) = 0,

ẋ2(t) = 2sin u, x2(0) = 0,

ẋ3(t) = −4(x1cos u+ x2sin u) + 2(t− 1)cos 2u, x3(0) = 0, (4)
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ẋ4(t) = 4(x1sin u− x2cos u)− 2(t− 1)sin 2u, x4(0) = 0,

ẋ5(t) = −2((2x3+x
2
1−x22)cos u+2(x4+x1x2)sin u)+6(t−1)(x1cos 2u+x2sin 2u)−

−2(t− 1)2cos 3u, x5(0) = 0.

Ïîñòàâèì â êëàññå SM ýêñòðåìàëüíóþ çàäà÷ó

x1

(
1− 1

M

)
+ µx3

(
1− 1

M

)
+ νx5

(
1− 1

M

)
→ max (5)

Ââåäåì ôóíêöèþ Ãàìèëüòîíà-Ïîíòðÿãèíà:

H(t, x, ψ, u) = −2cos uψ1+2sin uψ2−(4(x1cos u+x2sin u)−2(t−1)cos 2u)ψ3+

+(4(x1sin u− x2cos u)− 2(t− 1)sin 2u)ψ4 − (2((2x3 + x21 − x22)cos u+ (6)

+2(x4 + x1x2)sin u)− 6(t− 1)(x1cos 2u+ x2sin 2u) + 2(t− 1)2cos 3u)ψ5,

ãäå x = (x1, x2, . . . , x5)
T óäîâëåòâîðÿåò (4), ψ = (ψ1, ψ2, . . . , ψ5)

T óäîâëåòâî-

ðÿåò ñîïðÿæåííîé ñèñòåìå:

ψ̇1 = −4cos uψ3 − 4sin uψ4 + (4x1cos u+ 4x2sin u− 6(t− 1)cos 2u)ψ5,

ψ̇2 = 4sin uψ3 + 4cos uψ4 − (4x2cos u− 4x1sin u+ 6(t− 1)sin 2u)ψ5,

ψ̇3 = 4cos uψ5, (7)

ψ̇4 = 4sin uψ5,

ψ̇5 = 0,

è óñëîâèÿì òðàíñâåðñàëüíîñòè:

ψ1

(
1− 1

M

)
= 1, ψ3

(
1− 1

M

)
= µ, ψ5

(
1− 1

M

)
= ν, ψ2

(
1− 1

M

)
= ψ4

(
1− 1

M

)
= 0.

(8)

Îïòèìàëüíàÿ ôóíêöèÿ óïðàâëåíèÿ u∗, ñîîòâåòñòâóþùàÿ ýêñòðåìàëüíîé

ôóíêöèè f ∗ â (5) óäîâëåòâîðÿåò ïðèíöèïó ìàêñèìóìà Ïîíòðÿãèíà[11]:

max
u

H(t, x∗, ψ∗, u) = H(t, x∗, ψ∗, u∗), 0 ≤ t ≤ 1− 1

M
, (9)
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ãäå (x∗, ψ∗) ÿâëÿåòñÿ ðåøåíèåì (4) è (7) ïðè u = u∗ â èõ ïðàâûõ ÷àñòÿõ.

Äëÿ ôîðìóëèðîâêè îñíîâíîé òåîðåìû â ðàáîòå ðàññìàòðèâàþòñÿ âñïîìîãà-

òåëüíûå ëåììû è òåîðåìû, îäíà èç íèõ

Òåîðåìà 1. Ïóñòü (µ, ν) ∈ D(M), ãäå D(M) - ìàêñèìàëüíàÿ îáëàñòü â ïëîñ-

êîñòè (µ, ν), ÿâëÿþùàÿñÿ çâ¼çäíîé îòíîñèòåëüíî íà÷àëà è:

- H(t, u) êàê ôóíêöèÿ y = cos u äîñòèãàåò ñâîåãî ìàêñèìóìà íà [−1, 1]

òîëüêî ïðè y = −1 äëÿ âñåõ t ∈ [0, 1− 1/M ]

- Huu(t, π) 6= 0, 0 ≤ t ≤ 1− 1/M.

Åñëè PM ëîêàëüíî ìàêñèìèçèðóåò Re L(µ, ν; f) â S(M), òî

Fpp(0, 0) ≤ 0, Fpp(0, 0)Fqq(0, 0)− F 2
pq(0, 0) ≥ 0.

Ñïðàâåäëèâî è îáðàòíîå.

Ïóñòü F : (p, q) → x1(1− 1/M) + µx3(1− 1/M) + νx5(1− 1/M). Âû÷èñëèì

up è uq â (0, 0) äëÿ îöåíêè ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè F â (0, 0):

up =
((3− 5t− 4/M)ν + µ)2y4 + 2νy5 − y6

16νt2 − 4t(2ν + 4ν/M − µ) + 2ν + 1− 4(2ν + µ)/M + 15ν/M2
, (10)

uq =
((3− 5t− 4/M)ν + µ)2y10 + 2νy11 − y12 + 2(1− 3t)

16νt2 − 4t(2ν + 4ν/M − µ) + 2ν + 1− 4(2ν + µ)/M + 15ν/M2
, (11)

ãäå y4 := (x2)p, y5 := (x4)p, y6 := (ψ2)p, y10 := (x2)q, y11 := (x4)q, y12 :=

(ψ2)q.

Ïóñòü y1 := (x1)pp, y2 := (x3)pp, y3 := (x5)pp, y7 := (x1)qq, y8 := (x3)qq, y9 :=

(x5)qq, y13 := (x1)pq, y14 := (x3)pq, y15 := (x5)pq. Ñ ïîìîùüþ äèôôåðåíöèðî-

âàíèÿ óðàâíåíèé èç (4) è (7) ïðè u = π, x2 = x4 = ψ2 = ψ4 = (x1)p = (x3)p =

0 ïîëó÷èì ñèñòåìó:

ẏ1 = −2u2p, y1(0) = 0, (12)

ẏ2 = 4(y1 + 2y4up − 2(2t− 1)u2p), y2(0) = 0, (13)

ẏ3 = 2(7t−3)y1+4y2−4y24+8(5t−3)y4up+8y5up−2(47t2−46t+9)u2p, y3(0) = 0.

(14)

ẏ4 = −2up, y4(0) = 0, (15)

ẏ5 = 4(y4 + (1− 3t)up), y5(0) = 0, (16)
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ẏ6 = −4ν((t+ 1− 4

M
)up + y4)− 4µup, y6(0) = 1. (17)

ẏ7 = −2u2q, y7(0) = 0, (18)

ẏ8 = 4(y7 + 2y10uq − 2(2t− 1)u2q), y8(0) = 0, (19)

ẏ9 = 2(7t−3)y7+4y8−4y210+8(5t−3)y10uq+8y11uq−2(47t2−46t+9)u2q, y9(0) = 0.

(20)

ẏ10 = −2uq, y10(0) = 0, (21)

ẏ11 = 4(y10 + (1− 3t)uq), y11(0) = 0, (22)

ẏ12 = −4ν((t+ 1− 4

M
)uq + y10)− 4µuq, y12(0) = 0. (23)

ẏ13 = −2upuq, y13(0) = 0, (24)

ẏ14 = 4(y13 + y4uq + y10up)− 8(2t− 1)upuq, y14(0) = 0, (25)

ẏ15 = 2(7t− 3)y13 + 4y14 − 4y4y10 + 4(5t− 3)(y4uq + y10up) + 4y5uq + 4y11up−

−2(47t2 − 46t+ 9)upuq, y15(0) = 0. (26)

Òåîðåìà 2. Ïóñòü (µ, ν) ∈ D(M) è y1(t), . . . y6(t), 0 ≤ t ≤ 1−1/M - ðåøåíèÿ

çàäà÷è Êîøè äëÿ ñèñòåìû (12-17). Òîãäà ñïðàâåäëèâî ðàâåíñòâî:

Fpp(0, 0) = y1(1− 1/M) + µy2(1− 1/M) + νy3(1− 1/M)

Òåîðåìà 3. Ïóñòü (µ, ν) ∈ D(M) è y7(t), . . . y12(t), 0 ≤ t ≤ 1−1/M - ðåøåíèÿ

çàäà÷è Êîøè äëÿ ñèñòåìû (18-23). Òîãäà ñïðàâåäëèâî ðàâåíñòâî:

Fqq(0, 0) = y7(1− 1/M) + µy8(1− 1/M) + νy9(1− 1/M).

Ïóñòü y4(t), y5(t), y6(t) è y13(t), y14(t), y15(t), 0 ≤ t ≤ 1 − 1/M - ðåøåíèÿ

çàäà÷è Êîøè äëÿ ñèñòåì (15-17) è (24-26) ñîîòâåòñòâåííî. Òîãäà ñïðàâåäëèâî

ðàâåíñòâî:

Fpq(0, 0) = y13(1− 1/M) + µy14(1− 1/M) + νy15(1− 1/M).
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Ñîãëàñíî òåîðåìå 1, ÷èñëî Bombieri σ42 íàõîäèòñÿ ñëåäóþùèì îáðàçîì

− inf{ν ′ : Fpp(0, 0) < 0, Fpp(0, 0)Fqq(0, 0)− F 2
pq(0, 0) > 0 ∀ µ = 0,

M =∞, ν ∈ [ν ′, 0]}.

Òåîðåìû 2 è 3 ñâîäÿò çàäà÷ó ê ðåøåíèþ óðàâíåíèé

y1(1) + νy3(1) = 0, (29)

(y1(1) + νy3(1))(y7(1) + νy9(1))− (y13(1) + νy5(1))2 = 0, (30)

ãäå y1(t), . . . y15(t) ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷è Êîøè äëÿ ñèñòåìû (12-26) ñ

µ = 0 è M =∞.

Òåîðåìà 4.[3] ×èñëî Bombieri σ42 = 0.050057 . . . è ýòî çíà÷åíèå ÿâëÿåòñÿ

ìàêñèìàëüíûì îòðèöàòåëüíûì êîðíåì óðàâíåíèÿ (30) óìíîæåííûì íà (−1),

ãäå y1(t), . . . y15(t) - ðåøåíèÿ ñèñòåìû (12-26) äëÿ µ = 0 è M =∞.

Äàííàÿ òåîðåìà ñôîðìóëèðîâàíà íà îñíîâå ÷èñëåííîãî ýêñïåðèìåíòà. Â

ðàáîòå ïðèâåä¼í ÷èñëåííûé àëãîðèòì ðåøåíèÿ çàäà÷è íàõîæäåíèÿ ÷èñëà

Bombieri σ42.

Çàêëþ÷åíèå. Â õîäå âûïîëíåíèÿ ýòîé ðàáîòû áûëè èçó÷åíû:

- ñõîäèìîñòü îáëàñòåé ê ÿäðó;

- ðàâíîìåðíàÿ ñõîäèìîñòü ôóíêöèé;

- ñåìåéñòâà îáëàñòåé;

- äèôôåðåíöèðóåìîñòü îòîáðàæåíèé ïî ïàðàìåòðó.

Ïðè ðåøåíèè çàäà÷è áûë ïðèìåíåí ìåòîä îïòèìàëüíîãî óïðàâëåíèÿ, â

îñíîâå êîòîðîãî ëåæèò òåîðèÿ Ë¼âíåðà, îïèñàííàÿ â ïåðâîé ãëàâå ðàáîòû.

Íà îñíîâå ýòîãî ìåòîäà èçó÷åí àëãîðèòì íàõîæäåíèÿ ÷èñëà Bombieri σ42,

êîòîðûé ñôîðìóëèðîâàí â îñíîâíîé òåîðåìå 9.

Ñ ïîìîùüþ ïðîãðàììíîãî ïàêåòà Maple ðàçðàáîòàíî ÷èñëåííîå ðåøåíèå

çàäà÷è íàõîæäåíèÿ ÷èñëà Bombieri

σ42 = lim
f→K,f∈S

inf
2−Re a2
4−Re a4

.

À èìåííî:
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- íàéäåíî σ42 = 0.050057 . . .

- ðàññìîòðåíî ïîâåäåíèå ôóíêöèé Fpp è FppFqq − F 2
pq

- ïðèâåäåíû ïðèìåðû çíà÷åíèé ν, äëÿ êîòîðûõ âûïîëíÿþòñÿ óñëîâèÿ:

1. Fpp(0, 0) < 0,

2. Fpp(0, 0)Fqq(0, 0)− F 2
pq(0, 0) > 0
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